Soil ploughing as used for military breaching induces very large deformation (flow) of a generally compressible plastic medium with large structural rearrangement and mechanical properties evolution.
introduced, although not in a straightforward way, so that this remains a debated matter. Numerical simulation of the problem under investigation has been carried out with a DEM for a single tine in 2D and 3D [25] . Quite intensive computations were necessary to examine the characteristics of this "small geometric scale", which makes intractable the two scale problem involved in blade-tine interacting system: either the particles will be too many, or they will be too big for the small-scale part of the system (tine tip vicinity).
The same difficulties arise for the alternative, continuum FEM modelling, but the mesh size can here be locally adapted. Literature does provide FEM studies of soil ploughing [12] , [22] , [23] . Usually, they address agricultural purposes, tools consist of either a single tine or a smooth blade. Simulations are often 2D and flow patterns are prescribed, with adjunction of joint element at the tip of the tool for instance [22] ; large deformations, in terms of mechanical formulation as well as free surface evolution, are not really dealt with. In most continuum approaches, a soil is idealised as an elastic-plastic body, using classical soil mechanics models such as Mohr-Coulomb or Drücker-Prager [22] . More recent alternatives include hypo-plasticity [17] , [35] . In this paper, the elastic-plastic CJS model (which stands for Cambou-Jafari-Sidoroff model [5] ) has been chosen: based on the critical state concept, it can handle the large deformation response of soils under tri-axial solicitations, namely, hardening (densification) and/or softening (dilatation).
Our developments for the numerical resolution of the evolution problem corresponding to the plowing process modelling, is based on a 3D FE software devoted initially to metal forming, namely Forge3 ® . This software can take into account large mesh distortion, consequence of large displacement tool, thanks to an automatic re-meshing routine. Crucial non linear points in the plowing modelling exposed above, can be sum up at the numerical stage as : unilateral frictional contact, non associated plasticity and large deformation in terms of change in free surface and stress strain measures. The numerical resolution is performed through an incremental time decomposition with the Updated Lagrangean procedure. In our case, penalization of contact conditions and mesh distortion point out a rather low upper bound for time step size, and consequently the incremental tool displacement cannot exceed 1mm. Practically, if we compare this incremental displacement to the military breaching plough dimension, about 5 meters in width for the blade, and 3 cm wide 30 cm deep for the connected tines, time step can be considered as small. As our aim is to perform a robust 3D numerical model in the context of highly intensive computations, able to model plowing application for different soil treatment tools, we are lead to make proper relaxation of a part of the non linearities involved in the numerical problem.
Hence the first part of the paper is devoted to the presentation of the global mechanical problem and large deformation, followed with attention on linearisations made in order to provide eventually the numerical model. We present also the space and time discretisation, frictional contact modelling, general elasto-plastic law and resolution algorithm. The validation of CJS implementation is presented by comparison with results from Flac2D © , 2D explicit FE software, on triaxial experiments with a set of previously identified model parameters. The second part of the paper is devoted to the investigation of numerical simulation for a single tine. Some influent parameters are discussed as well as soil nature influence. Finally, the conclusion evokes results for multi-tine tool simulations, to be presented in details in another paper. , the current configuration of the domain occupied by the soil, theoretically semi-infinite, is defined by ( ) ( )
-Global Model Description

Strain and stress measures
To describe the inelastic response in large deformation Lee and Liu [18] introduce the multiplicative split of the deformation gradient, ( )
A suitable definition of strain rate can then be introduced by considering the spatial velocity gradient l which is expressed as ( ) ( )
If we assume that the elastic transformations (strain and rotation) are negligible compared to the plastic one, it appears reasonable to consider the elastic stretch tensor E V to be given by
where E ε is the infinitesimal elastic strain tensor and
. Following Lee and Liu [18] and neglecting higher order infinitesimal quantities, one can arrive at the following approximation
Assumption above made on the amount of elastic strain compared to plastic strain, is usual in metal plasticity. Especially in forming processes the material undergoes large plastic transformation as well as in metal powder compaction where the material is compressible and often idealised though classical soil mechanics models. Hence strong numerical as well as experimental arguments make reasonable to classify the process of soil plowing in this context. Moreover, the kinematics of the plowing process can be closely related, in another scale range, to the cutting process for metals [11] or the scratching of organic glasses [4] , where elastic transformations are small compared to plastic transformation. Hence in the following, we will make use of the additive decomposition eq.(1), coupled with an hypo-elastic stress rate -strain rate constitutive equation.
As a stress measure we consider the Kirchhoff stress tensor
and σ is the Cauchy true stress tensor. In the case of incompressible plasticity it is common to approximate Kirchhoff stress by Cauchy stress ( ) ( ) ( )
. But, in our plastically compressible case this approximation cannot be made. We remark that Kirchhoff stress tensor is an energy conjugate stress measure associated with the rate of strain D (Simo J.C. [30] ).
As we choose a hypoelastic law, we have to take into account an objective rate of stress, which leads to the following relation between the elastic part of the strain rate and an objective rate of Kirchhoff stress:
with L elastic compliance tensor. The superscript ∇ above a symbol refers to an objective timederivative involving rotation terms given by the spin tensor (see for example Ponthot J.P. [26] ).
The properly speaking plastic constitutive equations given below describe the yield criterion and the general flow rule, with complementarity (Kuhn-Tucker) conditions for the elastic-plastic transition (N is the number of plasticity surfaces): ( )
A precise description of constitutive equation of CJS model implemented will be given in section 3.
Mechanical problem
Whether the displacements or strains are large or small the equilibrium conditions between external and internal forces have to be satisfied. Thus, the equilibrium equation can be written on the current configuration ( ) t Ω , in a standard form as:
where σ is the total stress, ρ (scalar) soil density, γ the acceleration and g the gravity. The last two terms have to be maintained as their order of magnitude is similar to the constitutive stresses. The analysis is restricted to the soil, i.e. the tool is supposed rigid. Subscripts T and n denote tangential and normal components, n is the external normal to the boundary ( ) In the present model, the singularities in inequalities above are relaxed by the penalty method :
brackets <…> + means that the repulsion stress in (7) is applied only if penetration occurs :
.Then θ is the "large" penalty parameter.
The displacement formulation of Signorini's condition is the most widely spread in literature for quasistatic approach in solid mechanics [37] . Velocity formulation appears to be more suitable in evolution problems, at least from a numerical point of view. However in terms of incremental time steps, both are equivalent.
The friction threshold law is replaced by a one-to-one regular relation: 
Variational formulation
To derive the variational formulation of equilibrium equation, at time t, we multiply terms of (5) by a kinematically admissible virtual velocity field, and integrate over the current configuration domain.
We finally obtain, thanks to Green's formula, the following variational formulation of the possible dynamic equilibrium taking into account frictional contact
where n σ and T σ are defined in equations (7) and (8) A variational formulation of the isotropic non associated plasticity set of equations (1)- (4) can be written as follows:
Where plasticity convex ( ) R P and set of the iso-potential surfaces ( )
The presentation of the set of variational equation in an Eulerian form have the interest to provide a quite simple and synthetic formulation of the plowing problem involving unilateral frictional contact, non associated multisurface plasticity and large deformation. Nevertheless, our aim is to perform a 3D numerical model in the context of highly intensive computations, able to model plowing applications for different soil treatment tools, variable in size and geometry. To that end we will adopt a step by step approach based on time increments decomposition, i.e. [ ]
, in order to numerically handle this evolution problem. In this context, we developed a formulation in the Updated Lagrangean framework with the configuration at the beginning of time step as the reference configuration. This approach need to re-write the governing equations of the mechanical problem in the Lagrangean frame. Moreover, such Lagrangean formulation lead, among other, to provide a proper and consistent formulation of the hypo-elasoplastic constitutive relation which add non linearity to the problem (see for example [7] , [36] ). On the other hand, at numerical point of view, the Updated Lagrangrean description allows to relax a part of the non-linearity due to large deformation, typically in the choice of lagrangean strain and stress measures (Piola-Kirchoff stress tensors and Green Lagrange strain tensor [6] ). Hence, in the present paper and for the sake of simplicity we focus on the approximations associated to this approach and their justifications, in order to eventually provide the numerical model actually solved.
Updated Lagrangean and Approximations
Approximation and linearisation that might be done, are related to time step size, but have to guarantee that the kinematics underlying large transformation is eventually addressed. Hence significant differences may appear in numerical simulation with Total or Updated Lagrangean formulations, see for example [15] . In our case, independently from material large deformations, the time step size is principally governed by (i) penalized contact conditions, which imply a rather low upper bound on time step size, and (ii) by mesh distortion. Practically the corresponding incremental displacement of the plowing tool cannot exceed 1 mm. This justifies the following approximation made on stress and strain measures. Hence over the time step [ ]
we assume that the current and reference configuration are close enough (the change in volume remains small) and use the Cauchy stress tensor as the stress measure in the constitutive equations as well as in the equilibrium equation.
Correspondingly the strain measure is the infinitesimal strain tensor. However small time steps do not make the objective derivation equivalent to material derivatives ; such an approximation would lead to erroneous numerical results, especially in the direction of stresses after numerous increments. In our incremental formulation, see equation (12) 
Incremental Formulation
As we approximate the problem through time steps, we have to apply an integration scheme to the set of governing equations, especially for the constitutive law. To that end a Forward Euler scheme is applied for the geometry actualisation and a Backward Euler scheme for the constituive equations. We recall that hypoelastic relation involves simply a material time-derivative of stress (the rotation terms being corrected for only at the updating stage, see above) and so we can derive the incremental variational formulation of both equilibrium and constitutive equation. With the notation )
and the smoothing corner parameter δ allowing a (small) penetration. Repulsion stress is applied if the distance inside the tool is larger than δ.
Hence contact conditions (non-penetration) are written at the end of the time step, but the normal involved in the computation of d is taken at the beginning of the current time step. Similarly, in the case of Coulomb's friction model, we use the normal stress at the beginning of the current time step, t n σ . These two approximations avoid the computation of complicated, dissymmetry-enhancing derivatives for the stiffness matrix,. This is a further reason for taking small time-steps; otherwise the neglected stiffness terms (e.g.
) become significant and convergence may be degraded.
Mixed Formulation
The solution of the inequation (13) Using the definition of pressure and thanks to the additive decomposition of strain rate we have:
K is the bulk elastic modulus and ( ) P tr ε ∆ the volumetric plastic deformation at the end of time step.
To perform velocity/pressure formulation we enforce weakly equation (14) , which leads to the following system : 
Spatial Discretisation
We briefly present the spatial discretisation performed with velocity/pressure finite element P1 + /P1
[1], [3] . Linear shape functions for velocity are enriched with a bubble function at the centre of the tetrahedron. Bubble shape functions are linear over each of the 4 sub-tetrahedra constructed with the centre of the element.
Let h ε be a triangulation of t Ω into tetrahedra, the velocity field is additively decomposed as follows:
with interpolation spaces:
and Ω : We describe now the resolution algorithm of system (15) once spatially discretised. Due to the strong non linearity of the local projection operator the resolution of such a system involves two steps (Algorithm 1). The first step is devoted to constitutive equation integration for a given incremental deformation, that is to perform projection. This stage provides total stress and plastic strain, as well as internal variable. The second step consists in solving, in terms of velocity and pressure, equation (15) updated with only deviatoric stress and volumetric plastic deformation, provided by the previous step.
Note that the pressure
is a basic unknown of the velocity / pressure formulation and as such is discretized and has to be solved for with global eq. (14) , not at elemental level. After convergence, the continuous pressure field computed from the spatially discretised system (15) is equal to the one given by the projection, at the element level.
The system (14) is still strongly non linear and we use the Newton-Raphson method with line-search to solve it. We note that the stiffness matrix resulting from Newton-Raphson method is non-symmetric due to both non-associativity and compressibility of the general hypo-elasto-plastic law. This is why the Minimal Residual solver of Forge3 ® has been replaced here by the Bi-cgstab algorithm [34] . The improvement as compared to using a symmetric solver with a symmetrized stiffness matrix has been previously quantified [28] .
In the present application, extensive use has been made of the fully automatic topological mesher and remesher of the software [9] . The remeshing criteria depend on the geometric quality of elements and a local refinement in the vicinity of the tool is specified by a set of element sizes. Each set is associated with a prescribed volume, and in our case such parallelepiped "boxes" move with the tool.
After remeshing the former velocity, pressure field and state variables (stress and internal variables) are projected into the new configuration.
-Integration of constitutive equations
Constitutive model have been derived from the general CJS Model [5] . This elastic-plastic model has been designed as a phenomenological approach for geo-materials.
Compressible CJS constitutive equation
This model involves two yield surfaces, similar to Cap Models: a spherical mechanism represented by a plane closing the elastic domain on the pressure axis (equation (18)) and a deviatoric mechanism represented by equation (19) . In the following The yield surface of the spherical mechanism is written: The yield surface of the deviatoric mechanism is written:
, γ is a parameter of the model allowing the cross section of the yield surface to evolve between a circle and a rounded triangle approximating the Mohr-Coulomb non regular hexagon. H is the (constant) cohesion, R the average slope of the yield surface, the evolution of which is given below in equations (21) and (22) . The model is non associated : ( )
R m is the radius of the fracture surface, which represents the maximum shearing experienced by the material. R m converge to the critical state parameter R c , here equal to the characteristic surface radius.
As seen in figure 1 , the evolution of R may display a peak or not, depending on initial material density (through 0 c p ) : loose sand will monotonically "harden", dense sand will first "harden" then "soften". 
Implicit scheme
For a given incremental strain, we have to perform the incremental projection operator for the set of evolution equation of CJS Model during the time step [ ]
To provide such an operator, the implicit formulation of CJS constitutive equations is written below.
In the present work, we chose linear elasticity with non pressure dependent bulk and shear modulus.
Total incremental plastic deformation is split into its spherical and deviatoric parts.
In the case where both mechanisms are active, and according to the flow rules, the volumetric strain is given by: Thanks to the plane Cap, both mechanisms interfere only in the compressible part of plastic deformation. Hence, the incremental stress equation is written in terms of spherical and deviatoric parts :
The double consistency condition leads to: The numerical resolution of this system follows the general return mapping algorithm. It is well known that numerical difficulties may occur according to, among others, the slope and non linearity of evolution laws. To overcome these numerical difficulties at the local integration step, different techniques are proposed in the literature [2] , [10] , [14] , [19] , [33] . Some authors ( [2] , [19] ) replace a full Newton method by a fixed-point like method, which results in a split-level resolution of equations in system (23)- (24) . We applied this method to solve the local projection step. However for the present multi-surface plasticity model, we focused on problems where non linearity due to the third stress invariant (function h) can be relaxed. Hence the projection step can be reduced to the resolution of the non linear system (24) .
Eventually in order to perform the global Newton Raphson method the consistent tangent operator, [29] , [31] has been derived.
Validation on Tri-axial Tests
To perform the validation of our implementation in Forge3 The set of parameter listed in Table 1 has been used; it is the same set as used in [16] , except for the simplifications made in the present implementation (Forge3 ® is restricted to linear elasticity, so n e = 0). Figure 2 and Figure 3 represent results respectively for stress-strain and volumetric-axial strain relations, for three confining pressures 100 kPa, 300kPa, 800 kPa. As a first observation CJS correctly models the experimental stress-strain relation for both densities (figures 2a and 3a) . The concept of critical state, here clearly evidenced by experience, is correctly handled: whatever the sand density is, the stress level eventually reached is the same, for each confining pressure. The description of volume variation is not as satisfactory, pointing out severe difficulties met to model the whole range of responses displayed by soils. Nevertheless, mechanisms related to the volumetric variation, namely densification and dilatation, are well represented.
Graphs on
Comparisons of Flac2D
© and Forge3® results are plotted on Figure 2 and Figure 3 (bottom). In terms of stress-strain relation, the agreement between the two codes is very good. Slight differences appear, mainly in the slope at the beginning of the curves for the 800 kPa confining pressure. These differences are related to the treatment of elasticity, non linear in Flac2D © , linear in Forge3 ® . In terms of volume variation, more significant differences appear for extreme conditions (loose sand under high pressure and dense sand under low pressure). It is thought that linear elasticity is the reason here also, but how it influences the amount of plastic deformation at the re-projection step is more difficult to understand. Moreover for the stress-strain relation, the concept of critical state will eventually provide, for any elasticity modulus, roughly the same stress level, but the deformation mode will be different.
As a whole, the results of the two implementations are rather close to each other and to experiments.
As the two software are radically different in all respects (explicit vs implicit formulation, hexaedra vs tetrahedra, …), this tends to prove that the present implementation has been done correctly. simplified version of the compressible CJS model : the deviatoric mechanism is restricted to an elasticperfectly-plastic one, i.e. R = R c = 0.265 is a constant; the flow rule is kept non-associated, but only dilatative plastic deformation is allowed (β = 0.2). The third stress invariant influence is neglected (γ = 0). The spherical mechanism is activated with Q 0 = 100 kPa and K 0 p = 60 Mpa, n 1 = 0.6. A cohesion H = 14.4 kPa has been chosen.
As for the friction, experimental studies, [16] , resulted in using Tresca law (friction factor model) for clay and Coulomb's law for sand. Parameters are respectively : m = 1, and interface friction angle equals to 2/3 of the soil friction angle.
Modes of deformation
Numerical experiments have been conducted with simplified tines; the parameter examined is the rake angle, 15° and 45°; the response of incompressible clay is pictured in 
Influence of rake angle on forces
Another series of tines (closer in shape to real tools) has been used to study the effect of rake angle on horizontal and vertical components of the ploughing force in saturated clay ( Figure 5 ). Tine geometry does not affect the steady-state horizontal thrust : the projection of the active surface of the tine in the vertical plane almost remains the same. Moreover this cutting-like process leads to roughly the same normal stress level whatever the angle is (about three times the asymptotic cohesion in this incompressible case).
On the contrary, tine geometry influence is strong on the vertical force which gets closer to zero as rake angle decreases. Figure 5 shows also that both components increase strongly in the very first centimetres of tool penetration, no matter the rake angle is. Then stabilisation occurs promptly for the vertical force, whereas the horizontal one converges slowly to a steady state, without actually reaching it after a 15 cm tool displacement : in this high friction case, the characteristic dimension is not the depth of the tine width, but the lateral surface of the tine in a vertical plane parallel to the ploughing direction; the whole tine must have penetrated the block before the contact and the friction force come to saturation, promoting steady state. 30°, 45°, 60° ; the "30°-60° tine" has its lower half inclined by 60° , its upper half by 30°.
Compressible vs. Incompressible Figure 6 compares the force evolution for the dilatative silted sand and an incompressible clay. The striking point here is the "peak" in the dilatative case, after which the force drops dramatically to its pre-peak level. The first, pre-peak part of the curve is similar to the incompressible case, this corresponds to the tine abutment into the domain. As for the peak, explanation may lie in the dilatancy of the compressive model under these shear-dominated conditions. Simulations for different domain width and boundary conditions indicate us the following arguments. When lateral flow is limited, which occurs as the domain is narrower, dilatancy is blocked and could bring about higher pressure, a smooth curve but at the top-of-the-peak level. For a wider domain or when lateral boundary are free, as the material displaced from the furrow can be pushed aside easily and reach the free surface, conditions of blocked dilatancy no more take place. Once this new flow pattern is established, which means the tine sufficiently penetrates the block, pressure and force drop down. Future work will try to confirm this tentative explanation. 
-Conclusion
3D modelling of the ploughing process using FEM has been presented using the implicit FEM, large deformation software Forge3 ® . A complex, non associated, two yield surface elasto-plastic law for soils, named CJS, has been introduced in a mixed velocity/pressure formulation. It is able to predict contraction and dilatation associated with the hardening and softening of the material. This elastoplastic law has been time-integrated by a generalized return mapping algorithm. Implementation has been successfully validated on tri-axial tests by comparison with both experiments and another software. The second part of this paper has been devoted to the numerical simulation of single tine ploughing, showing the ability of the code to handle complex flow patterns, examining the influence of the rake angle on flow pattern and forces as an example. Such numerical simulations of large tool displacement are using intensively remeshing routines, which contributes significantly to the high computing cost. In terms of soil nature influence, blocked dilatancy effects have been hypothesized to explain a pronounced peak in force ploughing after tine abutment.
Not presented here are some applications of the model to more complex ploughing tools : single tine plus a blade, multi-tine tool, three tines in V with a blade. For instance, for three tines aligned along an oblique line, the computation was able to reproduce an experimentally observed effect, the central tine experiencing a smaller horizontal force (by some 20%) than both external ones. Other, parametric studies are in progress to better understand the deformation modes in ploughing.
